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↣
⇛

FF̂

F̂ = f({r1, r2, r3, ..., rn}; ...),
{r1, r2, r3, ..., rn}

↠
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Lecture1/Eulernumber

⇛
↣ee = 2.7182818...⇛ê

• (0, 1)U(0, 1)

x1 < x2 < ... < xn−1 > xn

• nNne

ê =
1

N

N∑
i=1

ni
N→∞−−−−→ e.

⇛

N ê ê− e

∼
√
N

2.760000 0.041718
2.725000 0.006718
2.718891 0.000609
2.718328 0.000046
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√
NLecture1/Eulernumber

⇛
↣

√
N

↣
↣

NN ∈ (100, 1000, 10000, 100000)nN ê− eN
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√
NLecture1/Eulernumber

↣
↣

-ee
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e with 100 toys
e with 100 toys

Entries  1000

Mean   0.0006059

RMS    0.08954

 / ndf 2χ  64.98 / 50

Constant  1.77± 43.08 

Mean      0.002883± 0.001281 

Sigma     0.00222± 0.08671 

e with 100 toys
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-0.08 -0.06 -0.04 -0.02 0 0.02 0.04 0.06 0.080
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35

e with 1000 toys
e with 1000 toys

Entries  1000

Mean   0.0008092

RMS    0.02821

 / ndf 2χ    100 / 80

Constant  1.06± 24.76 

Mean      0.0009638± 0.0002005 

Sigma     0.00081± 0.02789 

e with 1000 toys

-ee
-0.03 -0.02 -0.01 0 0.01 0.02 0.030
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30

e with 10000 toys
e with 10000 toys

Entries  1000

Mean   0.0001612

RMS    0.008682

 / ndf 2χ  73.68 / 75

Constant  1.1±  25.8 

Mean      2.975e-04± -6.721e-05 

Sigma     0.000240± 0.008685 

e with 10000 toys

-ee
-0.008 -0.006 -0.004 -0.002 0 0.002 0.004 0.006 0.0080
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e with 100000 toys
e with 100000 toys

Entries  1000

Mean   1.642e-06

RMS    0.002609

 / ndf 2χ  54.26 / 73

Constant  1.19± 28.24 

Mean      8.557e-05± 8.297e-05 

Sigma     0.000073± 0.002552 

e with 100000 toys
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↣
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Graph
 / ndf 2χ  6.053 / 3

p0        0.01181± 0.8548 

 / ndf 2χ  6.053 / 3
p0        0.01181± 0.8548 

Graph
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↪→
⇒riU(0, 1)

F = F (r1, r2, ...rn)

I =

∫ 1

0

...

∫ 1

0

F (x1, x2, ..., xn)dx1, dx2..., dxn

I

E(F ) = I.

⇛

(0, 1)

1

N

N∑
i=1

f(xi)
N→∞−−−−→ E(f) =

1

b− a

∫ b

a

f(x)dx
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⇛N →∞
7−→
↣

V (Î) =
1

n

{
E(f

2

)− E
2

(f)
}
=

1

n

{ 1

b− a

∫ b

a

f
2

(x)dx− I
2}

↬V (Î)I

⇛V (Î)

V̂ (Î) =
1

n
V̂ (f), V̂ (f) =

1

n− 1

n∑
i=1

[
f(xi)−

1

n

n∑
i=1

f(xi)
]2
.

⇛σ̂ =

√
V̂ (Î)
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π

⇛lLπ

n
N

⇒x ∈ U(0, π)⇒

ρ(x) =
1

π

⇒p(x)

p(x) =
l

L
| cosx|

⇒

P = E[p(x)] =

∫ π

0

p(x)ρ(x)dx =
2l

πL

P̂ P̂ =
n

N

N→∞−−−−→ P =
2l

πL
⇒ π̂ =

2Nl

nL
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p(x)0 < x < π
2

⇒

(x, y) : U(0, π
2
)× U(0, 1)and

y

{
≤ p(x) :,

> p(x) :.

w(x, y) = Θ(p(x)− y)
Θ(x)
↣ϱ(x, y) = ρ(x)g(y) = 2

π
· 1

⇒

P = E(w) =

∫
w(x, y)ϱ(x, y)dxdy =

2l

πL

N→∞←−−−− P̂ =
1

N

N∑
i=1

w(xi, yi) =
n

N

P̂ σ̂ =
1√

N − 1

√
n

N

(
1− n

N

)
Marcin Chrząszcz /



Lecture1/Headstails

⇛π
↪→(y)(−L,L)U(−L,L)

> LL

↪→(ϕ)(0, π)↪→y

ymax = y + | cosϕ|l
ymin = y − | cosϕ|l

↪→y = Ly = 0y = −L

N π̂ π̂ − π σ(π̂)
3.12317 −0.01842 0.03047
3.14707 0.00547 0.00979
3.13682 −0.00477 0.00307
3.14096 −0.00063 0.00097
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⇛

1

N

N∑
i=1

f(xi)
N→∞−−−−→ 1

b− a

∫ b

a

f(x)dx = E(f)

⇛

σ =
1√
N

√[
E(f

2

)− E
2

(f)
]

⇛

P =

∫
w(x)ρ(x)dx =

∫ π/2

0

(
l

L
cosx)

2

π
dx =

2l

πL

N→∞−−−−→ 1

N

N∑
i=1

w(xi)

⇛

σ̂
Crude

< σ̂
Hitandmishit

⇛
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Lecture1/CrudevsHT

⇛
↪→

∫ π/2

0 cosxdx

0.7 0.8 0.9 1 1.1 1.2 1.30

20

40

60

80

100

HT_100
HT_100

Entries  1000
Mean   0.9983
RMS    0.07424

 / ndf 2χ  23.34 / 26
Constant  3.34± 83.87 
Mean      0.0024± 0.9978 
Sigma     0.00176± 0.07276 

HT_100
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60

C_100
C_100

Entries  1000
Mean        1
RMS    0.04901

 / ndf 2χ  43.33 / 37
Constant  2.25± 56.05 
Mean      0.002± 1.001 
Sigma     0.00120± 0.04791 

C_100

0.9 0.95 1 1.05 1.10
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50

HT_1000
HT_1000

Entries  1000
Mean   0.9989
RMS    0.02458

 / ndf 2χ  209.3 / 61
Constant  1.38± 29.98 
Mean      0.0009± 0.9976 
Sigma     0.00071± 0.02344 

HT_1000
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C_1000
C_1000

Entries  1000
Mean   0.9997
RMS    0.01496

 / ndf 2χ   36.5 / 40
Constant  2.42± 58.19 
Mean      0.0005± 0.9999 
Sigma     0.00040± 0.01467 

C_1000
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Lecture1/CrudevsHT

⇛
↪→

∫ π/2

0 cosxdx

0.97 0.98 0.99 1 1.01 1.02 1.030
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HT_10000
HT_10000

Entries  1000

Mean        1

RMS    0.007308

 / ndf 2χ  64.76 / 60

Constant  1.64± 38.36 

Mean      0.0±     1 

Sigma     0.000193± 0.006833 

HT_10000
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C_10000
C_10000

Entries  1000

Mean   0.9999

RMS    0.004772

 / ndf 2χ  34.91 / 38

Constant  2.39± 58.09 

Mean      0.0±     1 

Sigma     0.000122± 0.004654 

C_10000

0.99 0.995 1 1.005 1.010
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HT_100000
HT_100000

Entries  1000

Mean        1

RMS    0.002495

 / ndf 2χ   52.5 / 57

Constant  1.43± 34.18 

Mean      0.0±     1 

Sigma     0.000070± 0.002474 

HT_100000
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C_100000
C_100000

Entries  1000

Mean        1

RMS    0.001548

 / ndf 2χ  29.67 / 38

Constant  2.21± 55.49 

Mean      0.0±     1 

Sigma     0.000039± 0.001559 

C_100000
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Lecture1/CrudevsHT

⇛
↪→

∫ π/2

0 cosxdx

210 310 410 510
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Graph
 / ndf 2χ  11.64 / 3

p0        0.01005± 0.7295 

 / ndf 2χ  11.64 / 3

p0        0.01005± 0.7295 

Graph
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Graph
 / ndf 2χ  3.597 / 3

p0        0.006143± 0.4753 

 / ndf 2χ  3.597 / 3

p0        0.006143± 0.4753 

Graph

⇛1/
√
N

⇛
Marcin Chrząszcz /



⇛

σ =
1√
N

√
V (f)

⇛
• N

⇒
⇛V (f)−→
⇛
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⇛

I =

∫ 1

0

f(u)du =

∫ a

0

f(u)du+

∫ 1

a

f(u)du, 0 < a < 1.

⇛⇒

j
th

wjnjwini
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I =

∫
Ω

f(x)dx,Ω =

k∪
i=1

wi

j
th

Ij =

∫
wj

f(x)dx, ⇒ I =

k∑
j=1

Ii

⇒pjwjdpj = dx
wj

⇒

Îj =
wj

nj

nj∑
i=1

f(x
i

j)

Î =
k∑

j=1

Îj =
k∑

j=1

wj

nj

nj∑
i=1

f(x
(i)

j ),

V (Î) =
∑k

j=1

w
2

j

nj

Vj(f) V̂ (Î) =
∑k

j=1

w
2

j

nj

V̂j(f)Marcin Chrząszcz /



⇛
⇒

f(x)dx −→ f(x)

g(x)
dG(x),whereg(x) =

dG(x)

dx

• G(x)U

• w(x) = f(x)
g(x)

• Ê(w)V̂G(w)

• g(x)

•
◦ g(x)
◦ G(x)g
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⇛π

⇛L = l

• g(x) = 4
π
(1− 2

π
x)

• G(x) = 4
π
x(1− x

π
)

•

w(x) =
p(x)

g(x)
=

π

4

cosx

1− 2x/π

•

σ
IS

π ≃
0.41√
N

< σπ ≃
1.52√
N

•
◦
◦
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⇛ ∫
f(x)dx =

∫
[f(x)− g(x)]dx+

∫
g(x)dx

• g(x)

•
∫
[f(x)− g(x)]dx

• V (f → g)
f→g−−−→ 0

⇛

•
• g(x)

⇛

•
∫
g(x)dx
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⇛
• ff ′
• V (f + f ′) = V (f) + V (f ′) + 2Cov(f, f ′)
• Cov(f, f ′) < 0

⇛
• ff ′
⇛
•
•
• f(x)
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