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Introduction

Why method of moments:
@ Complementary approach to LL fits.

@ Allows to extract info measuring quantities in event basis
depending on the angular distribution.

© Used in B — plr(SLAC-386 UC-414),
b — KK~(PRD 71, 032005 (2005) ), etc.
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Method of moments

Let's assume we have our pdf with k unknown
parameters: PDF(x;, a), dim(a) = k. One can calculate k
moments, which are the functions of «;:

pi = floa,...,ax) = E[W)] (1)

For n events, we can estimate:

, Where w; = g(x;)
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Trivial example

Lets see how this works in practice:

Xa—le—x/b

f(x) = “hr(a) (3)

we measure the moments:

X1+ X2+ ...+ X,
m].: 1

n
CXPEXF A4 X2
- :

m

and calculate them analytically:
m; = ab, my = b2a(a + 1)

So one just needs to solve this and get the answer:
2 2
my — m3’ m

Marcin Chrzaszcz Method of moments for

a—




Our PDF

The angular terms:

1
32 (3(1 FI)S'n 0+ F; cos? 0k+(4(1—F/)sin20k

—F cos2) cos 20, + Sssin’ 6, sm2 0,cos2¢ + Sy sin 20, sin 6; cos ¢+
Ss sin 20 sin 0 cos ¢ + (Ses sin? 0 + S cos> ) cos 0,4+

S7sin 26, sin 6 sin ¢ + Sg sin 26 sin 26, sin ¢ + Sg sin? O sin® §; sin 2¢))
(4)

PDF (cos 6, cos 0, ¢) =

Since we are fitting a PDF we need to ensure it is normalized:

iy 1 1 d4r
d dcos6 dcost =1
/_ﬂ ¢/_1 cos //_1 €08 kdq2dc050kdc059/dd) (5)
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Our PDF

The angular terms:

1
PDF (cos Oy, cos 0, ¢) = 3%(%(I—F,) sin 0 +F) cos? 9k+(1(1_F’) sin? 6,
m

—F cosz) cos 20; + Ss sin? ) sin® 0;cos2¢ + S, sin 20, sin 0, cos o+
Ss sin 20 sin 0 cos ¢ + (Ses sin? 0 + Se. cos® 0x) cos 0,4+
S7sin 20y sin 0; sin ¢ 4 Sgsin 20y sin 260, sin ¢ + Sq sin® O sin 6, sin 2¢)

(4)
For further use let's introduce a notation:
9 3
PDF (cos 6, cos 0;, ¢) = Ton ( (1- F/)sm 0, + Fjcos® 0+

9
( (1 — F;)sin® ) — Fjcos?) cos 26, + ZS (cos by, cosb;, ¢) (5)

x=3
University of ﬁ
rich™ 'y
Marcin Chrzaszcz Method of moments for




Moments for 1/2

Let's calculate the moments(means of the given distribution):

1 1 T
/ dcos@,/ dcos@k/ d¢PDF(cos€k,c0501,¢)sin29k:%(2—F,) (6)

1 1 -7

1 1 ™
/ d cos ), / d cos 6« / d¢PDF (cos 0, cos 0, ¢) cos® Oy = %(25 +1) (7)
- -1

1 -7

1 1 ™
/ dcos 0, / d cos O« / dPDF (cos O, cos 0, ¢) cos® O cos 260, = —%(2—1—5)
(8)

1 1 ™
/ dcosH// dcos@k/ ddPDF (cos 0, cos 0, ¢) sin” O cos 20; = —%(14—85)
(9)
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Moments for 2/2

Let's calculate the moments(means of the given distribution):

1 1 ™
/ dcos&,/ dcos&k/ dpPDF (cos 0y, cos ), p)fs, = %SX, (10)
-1 -1 -7

for x =3,4,8,9, and:

1 1 s 2
/ dcos€,/ d cos 0 dpPDF (cos O, cos b, d)fs, = ESX’ (11)
-1 —1 -

for x=5,6,7.
New physics apparently as we like orthogonal world:

1 1 ™
/ dcos&,/ dcosGk/ do (fs, x fs,) = Qxy0x (12)
-1 —1 -7
AU University of ﬁ
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@ We are abusing the fact that the basis is orthogonal and
moments do not mix.

@ Makes live easier and reduces the systematics.
@ Each of the S does not know about other.

@ In case of full PDF, Sis, Sos, Sic, Soc Ses, Sec are not
orthogonal.

@ Still we can get them solving equation system:

d3r )
. =0.1 4 1
chos@kdcoseldqﬁsm Okcost) = 0.1(Sec + 4565) (13)
d3r cost; = 0.25(Sec + 2S6s) (14)
I"dcos dcost;d = 6 65
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Moments for

Lets see if this method actually works. Let's take some random
parameters for the PDF and make a toy.

J9
Entries 94500
Meanx 4383 D
Meany 0.09817
RMS x 238
RMSy 007947

J3
Entries 94500
Meanx  437.9
Meany 0.09983
RMSx  238.3
RMSy 008325

D

o4 100 100
0.2 80 80
0 50 60
-0.2 40 40
0.4 20 20
T N B Ll T DN PR
0 200 500 400 500 600 700 10 200 500 400 500 600 700 800
n. of events

n. of events
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Error Estimation

@ Since moment is the mean of a given distribution the error
can be estimated as mean/RMS

@ use TOY MC to check this assumption

@ Do not worry, detail description an numbers will come in other
presentation.

-
J3_300

180 Enties 2700
| Mean 0098e2

AMS 0.06872

22/ ol 55.12/42

Prob 008443

Constant 155838

Mean  0.08826 000133

Sigma___0.06781+ 0.00099

700 800
n. of events
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Correlation check

@ In theory S; shouldn't be correlated to S; in the moment
calculation.

@ Lets put this to a test.

JoJs JoJs

°
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Correlation check 2

@ Let’s now FIX J; and simulate different J,

@ Again theory would suggest that one J shouldn't know about
the other, so J; shouldn’t change with scanning J, parameter

J3 J3
J5_vs_J9_300

J3_vs_J9 300

2 06 Entries 24000 3 04 Eniries 24000
B Meanx  0.2333 - —_ - _ Meanx  0.2333
2 L Meany  0.3001 F - = = = — = == | Meany 0.09918
3 _ 2 03— - o= - = =
$sE — = = - = RMSx  0.1146 203 - = - RMSx  0.1146
n I = = I = = Bavsy oose F I I I I RMSy 0.06898
L 02 -
E I I I I 80 L || | B ]
uE 8 I B B F R E R BEEE N B
F | | = BE B B E B £ = - = = B
C - = = =
sl = = - = = = &8 50 L BE E B B B B
E = = r B E B BB R B
£ E B EE BB o— | I | ! E R E B
"t I I i I I I ) g I I I I I I I I
F C " =
£ = B - - oif s = = = B m =
0= - ", . = = - = 20 C == = = = = - =
r 02
b L b o oo Lo G S | Ll I Lo b
005 01 015 02 025 03 035 04 045 05 005 01 015 02 025 03 035 04 045 05
True J9 True J9
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S-wave pollution

< o LHCb

0.6(—
0.4F,
0.2~

SM Predictiol

@ Unfortunately in our perfect orthogonal SO —-—'—'—‘—r—_
world lives an imposter. as- _I_ -

@ This imposter is B® — (K7)s_wave it z:- —I- -]' i

@ This "ghost” dilutes our NP! Like dark ' q‘[GeVZ’C‘l
matter the universe.

@ We need something to bust this ghost J

away f

Marcin Chrzaszcz Method of moments for



Our PDF with the S-wave will look as follows:

9 3
PDF,y(cos Oy, cos b, ¢) = Tor (1- Fs)(Z
1

(Z(l - F) sin? 6, — F cosZ) cos 20, + S3 sin? O sin® 0,cos2d+

(1-F) sin? 0, +Fj cos® 0+

Sa sin 20 sin 6; cos ¢ + Ss sin 26 sin 6; cos ¢+
(Ses sin? 0 + Sp cos? 0x) cos O + Sz sin 20, sin ) sin ¢+

Sg sin 26, sin 26, sin ¢ 4 Sg sin? A sin 6, sin 2¢)+
2 4
ng sin 6, + §A5 sin 0 cos O + g sin Oy sin 26, cos ¢
+15sin Ok sin B cos ¢ + 7 sin Oy sin 0; + sin ¢ + Ig sin 6 sin 20, sin ¢)
(15)
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In this form we ensure normalization.




How does the dilution work? 1/2

1 1 T
/ d cos 9// d cos 0y ddPDFgy(cos Ok, cos by, p)fs, = %SX(I - F),
-1 -1 -7

(16)
for x =3,4,8,9, and:

1 1 T
/ d cos 9,/ d cos 0 ddPDFgy(cos Ok, cos by, d)fs, = gSX(l - F),

-1 -1 -
(17)

for x =5,6,7.
Not much harm and easy to control.
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How does the dilution work? 2/2

Unfortunately F; and Fs will mix with each other:

1 1 e
/ d cos 6, / d cos 0y dpPDFyy(cos bk, cos 0}, ¢) sin2 6, =
-1 —1 —

2
(6 +3R(F —1)—F)= M5 (18)

1 1 T
/ d cos 0, / d cos 0 dpPDFyy(cos b, cos 0}, ¢) sin? 6, =
-1 —1 -7

1
g(?) + F+ Fs — F/Fs) = MFS (19)

They can solve this system:
Fs = B (Mg + 2Mg,)
F o (15MF/+10MF5_18)
I'= (15MF,+30M¢, —34)
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S-wave moments

We can even measure directly the S-wave:

d3r 32hp

- 2
0,cosl; = 20
chosdecosﬁ/d¢>sm 1€0SPk 45 (20)
il sinfsin20,cos¢ = 1044 (21)
FdcosOxdcostidg” < 1720 —
d3r 4l
inf) sind =2 22
chostdcose/dqﬁsm ksinbjcosg 9 (22)
d3r 4l
in0sin20,sing = — 23
FdcosOydcostde > " xein20ising = 5 (23)
d3r
24
Idcosfdcost;d ¢ (24)
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Conclusions

Method of moments very suitable for BO — K*/up.

The method converge fast and works for the "simple case”,
i.e. signal only.

@ Method very insensitive to S-wave component, thanks to
orthogonality.

Complementary one can measure in-depended S-wave
component.

@ No problem with boundary problems.
What comes in the next talks(stay tuned):
@ Sensitivity will be given tmr.
@ This method reduces the error on unfolding.

@ Systematics easy accessible.
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Jic
Jic 50
F Entries 2700
20— Mean 03335
r RS 0.04258
n 72/ ndf 216/27
200 Prob 07576
n Constant 2534+ 6.1
F Mean 0.3333  0.0008
150 Sigma___0.04218 + 0.00060
100~
sof-
Lot | | I | | | L
T 08 06 04 02 0 02 04 06 08
Jie
~ Jic 75
Entries 2700
Mean 03339
£ RMS 0.03446
E 2/ ndf 16.58/21
=0E Prob 0.7364
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200 Mean 0.3338  0.0007
£ Sigma___0.03455 1 0.00049
150~
100~
50—
[ | | ! | | | L
T 08 06 04 02 0 02 04 06 08
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800~
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400~
200~
o | I L. L
(] 02 03 3 05 3
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Entries 2700
Mean 0.03397
RMS  0.00211
E | | L. L
(] 02 03 23 05 06
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Mean 03332+ 0.0005

Sigma___ 0.02663 + 0

0038

04 06 08
Jic_175
Entries 2700
Mean 03336
RMS 0.02253
72/ nd 19.23/13
Prob 01161
Constant, 47465115
Mean 0.3335+0.0004.

Sigma 002254 0.

0033
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Jic_125E

2500~ Enties 2700
F Mean  0.02645
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1500~
1000/~
s00[—
r | L. |
02 03 04 s
J1s
F Jic_175E
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20007 RMS 00009118
1500
1000[-|
500
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02 03 04 06
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Jic J1s

£ n Jic_225E
00— 2500 Enios 2700
E L Mean 001978
so0F- 20001 AMS 00007125
F Sigma__0.02013 +0.00027 F
300~ = 1500
200~ 1000
100~ 500
[ I N B R Ll L | I L. I I
2708 08 04 02 0 02 04 05 08 (] 02 03 3 05 3
Jie Jie
Jic_300 1 E
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, n 171
r 22/ nd 5735710 , Mean 001715
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o Mean 0.3333 + 0,003 H
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£ 1000}
200~ H
= 500
100~ H
= T P B D Ll t | | L. | |
7"08 06 04 02 0 02 04 06 08 (] 02 03 23 05 06
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J1c_400

2700
03334

001517

1862/8

001703

7065+ 16.0
0.3336 +0.0003
0.01514 £ 0.00018

gl
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J1s
J1s_50
F Entries 2700
201~ Mean 06665
r RS 0.04258
n 72/ ndf 216/27
200 Prob 0.7576
n Constant 253.4 4 6.1
L Mean 0.6667 + 0.0008
150l Sigma___0.04218 + 0.00060
100~
50—
Doty I Il
T 08 06 04 02 0 02 04 06 08
J1s
~ Jis 75
Entries 2700
Mean 0.6661
£ RUS 0.03446
E o2t 16.58/21
=0E Prob 0.7364
E Const 31074
200 Mean 0.6662 0.0007
£ Sigma 003455 1 0.00049
150~
100~
50—
[ L L
> 08 06 04 02 0 02 04 06 08
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J1s_50E
Entries 2700
Mean  0.04132
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1000 g
800~
800
400~
200~
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Method of moments for




J1s

fean 06668 + 0.0005
Sigma___0.02663 + 0.00038
S T T R PR T
7" 08 06 04 02 0 02 04 06 08
J1s
Jis_175
s00F Enries 2700
[ Mean 0.6664
AMS 0.02253
o 2 ndt 1923713
E Prob 1161
r Constant 47462115
[ Mean 06665 = 0.0004
300 Sigma___0.02264 + 0.00033
200(—
100/~
P T T R PR I
7" 08 06 04 02 0 02 04 06 08
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J1s J1s
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200~ H
= 500
100~ H
= W B B BN B t | | L, | |
27"08 06 04 02 0 02 04 06 08 0.1 02 03 04 05 06

Marcin Chrzaszcz Method of moments for



J1s_400
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J2e
- J2¢ 50
F Entries 2700
r Mean 0.1104
s RMS 0.04043
r o2 ndlt 45.12/25
2001 Prob 0008098
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E Mean -0.111120.0008
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1501
100/~
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T 08 06 04 02 0 02 04 06 08
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J2c_125E
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Bl I I | I L L L | L L. | L
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an 0,111 0.000

Sigma 0025
L ! |
7 04 06

J2c_300

£ Entries 2700
= Mean 01111
= RMS 0.01623
= 21t 5672/8
E Prob 0.684
E Constant 6515156
E Mean -0.11110.0003
e Sigma 0024
L ! |
7 04 06

Marcin Chrzaszcz

J1s

J2c_225E

Entries

Mean

RMS  0.001151

600
400}
2004
El 1 L. 1
02 03 04
Jie
E J2c_300E
2500 Entres
ui Mean
20001 RMS  0.0008731
1500}
1000
s00
t | L, |
02 03 04

Method of moments for




700[

600

500

400|

300[

200

100[

J2e

J26_400
Entries 700
Mean 01111
RMS 0.01394
2/ ndf 5.047/7
Prob 0.6542
Constant 7556+ 18.0
Mean 01111400008
Sigma 0.01423 + 0.00020

IRRTEEED B S B P I
-08 08 -04 0.2 0 0.2 0.4 0.6 0.8
J2e
J2¢_500
Entries 2700
Mean -0.1112
RMS 0.01258
%2/ ndf 377417
Prob. 0.8054
Constant 8319199
Mean -0.1112 £ 0.0002
Sigma 0.01293 + 0.00018
TRRTERETED 51 A N P I
08 06 04 02 0 02 04 06 08

Marcin Chrzaszcz

J1s
- J2c_400E
H = 27
2s00l] trios 00
, Mean 001416
H AMS 00006569
2000]
1500
1000
500f
n | | L. | |
0.1 02 03 04 05 s
J1s
2500~ J2c_500E
H Entries. 2700
[ Mean 001268
2000
A AMS  0.0005202
1500
1000
s00/
L
0 02 03 04 05 06

Method of moments for




J3
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J3_400
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